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Abstract 

Singular Finsler metrics, such as Kropina metrics and m-Kropina metrics, iiave 
a lot of applications in the real world. In this paper, we consider a special class of 
singular Finsler metrics: m-Kropina metrics which are defined by a Riemannian metric 
and a 1-form on a manifold. We show that an m-Kropina metric (m 7^ —1) of scalar 
flag curvature must be locally Minkowskian in dimension n > 3. For m — —1, we 
respectively characterize Kropina metrics which are of scalar flag curvature and locally 
projectively flat in dimension n > 3 by some equations, and obtain some principles 
and approaches of constructing non-trivial examples of Kropina metrics of scalar flag 
curvature. 
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1 Introduction 

It is well-known that the local structure of Riemann metrics of constant sectional curvature 
has been solved. The Beltrami Theorem in Riemann geometry states that a Riemann metric 
is locally projectively flat if and only if it is of constant sectional curvature. In Finsler 
geometry, the flag curvature is a natural extension of the sectional curvature in Riemann 
geometry, and a Riemann metric of scalar flag curvature is nothing but of constant sectional 
curvature in dimension n > 3. It is known that every locally projectively flat Finsler 
metric is of scalar flag curvature. However, the converse is not true. There are regular or 
singular Finsler metrics of constant flag curvature which are not locally projectively flat 
(ilj il9j)- Therefore, it is a natural problem to study and classify Finsler metrics of scalar 
flag curvature. This problem is far from being solved for general Finsler metrics. Thus we 
shall investigate some special classes of Finsler metrics. Recent studies on this problem are 
concentrated on Randers metrics, square metrics and some other special (a, /3)-metrics. 
Randers metrics are among the simplest Finsler metrics in the following form 

F = a + I3, 

where a is a Riemannian metric and /3 is a 1-form satisfying ||/3||q, < 1. After many math- 
ematician's efforts, Bao-Robles-Shen flnally classify Randers metrics of constant flag curva- 
ture by using the navigation method ([!]). Further, Shen-Yildirim classify Randers metrics 
of weakly isotropic flag curvature ([H]). There are Randers metrics of scalar flag curvature 
which are neither of weakly isotropic flag curvature nor locally projectively flat ([2] [7]). So 
far, the problem of classifying Randers metrics of scalar flag curvature still remains open. 

Recently, square metrics have been shown to have many special geometric properties. A 
square metric is defined in the following form 
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where a is a Riemannian metric and ^ is a 1-form with ||/3||c < 1. In [TT], Shen-Yildirim 
determine the local structure of all locally projectively flat square metrics of constant flag 
curvature. L. Zhou shows that a square metric of constant flag curvature must be locally 
projectively flat ([2S])- Later on, the present author and Z. Shen further prove that a square 
metric in dimension n > 3 is of scalar flag curvature if and only if it is locally projectively 
flat, and they also classify closed manifolds with a square metric of scalar flag curvature in 
dimension n > 3 ([9]). 

In [T3], the present author further studies a larger class of (a, /3)-metrics F — a(j){(3/a) 
including square metrics, where (/)(s) is determined by the following known ODE 

{1 + (fci + fca)^' + fc2S^}0"(s) - (fci + fc2s2){0(s) - 

where fci, ^2, ^3 are constant with k2 7^ fcifcs- For this class, he proves that if (3 is closed and 
the dimension n > 3, then F is of scalar flag curvature if and only if F is locally projectively 
flat, and in particular, he shows that /3 must be closed for a subclass of (j){s) = 1 + ais + es^ 
with ai and e 7^ being constant. Moreover, he obtains the local and in part the global 
classifications to those metrics of scalar flag curvature. 

The Finsler metrics mentioned above are regular. It seems hard to classify a general 
regular Finsler metric of scalar flag curvature, even for a general regular (a, /3)-metric. On 
the other hand, singular Finsler metrics, such as Kropina metrics and m-Kropina metrics, 
have a lot of applications in the real word. In this paper, we will study m-Kropina metrics 
of scalar flag curvature in dimension n > 3. An m-Kropina metric has the following form 

When m = — 1, F is called a Kropina metric ([3]). There have been some research papers 
on Kropina metrics (|3] [TU] [H], m-Kropina metrics naturally appear in charac- 

terizing a class of singular (a, /3)-metrics which are locally projectively flat ([H] [T7]) and 
locally projectively flat with constant flag curvature (18 ). 

Theorem 1.1 Let F — a^^™'j3™' be an m-Kropina metric (m ^ —\) on an n(> 3)- 
dimensional manifold M, where a = aij{x)y^yi is Riemannian and l3 = hi(x)y^ is a 
1-form. Then F is of scalar flag curvature if and only if F can be written in the form 

F^a^-"'j3"', (1) 

where a is a flat Riemann metric and P is a 1-form which is parallel with respect to a with 
constant length ||/3||3 = 1. In this case, F is locally Minkowskian, and a and /3 can be locally 
written as 

5 = |y|, P = y\ (2) 

and further a, /3 are related with a, f5 by 

a = c-'^a, (3 = c^-™^, (3) 

where c — c{x) > is a scalar function. 

In [17] ■ the present author proves that for an n{> 3)-dimensional locally projectively flat 
m-Kropina metric (m 7^ —1), it has the same conclusion as in Theorem 11.11 Meanwhile, 
in (10) . the present author and Z. Shen gives the same fact for an n{> 2)-dimensional m- 
Kropina metric (m —1) of constant flag curvature. Therefore, Theorem 11.11 generalizes 
the corresponding results in [T7] [T^. Besides, in two-dimensional case, the present author 
also obtains the same conclusion if an m-Kropina metric (m 7^ —1) is just Douglasian ([16]). 
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When in — —1, F = a^//3 is a Kropina metric. In Section 2] below, we respectively 
give a general characterization for Kropina metrics which are of scalar flag curvature and 
locally projectively flat in dimension n > 3 (see Theorem 14.11 and Theorem 14.21 below) , and 
then in Section [SJ we use Theorem 14.11 to prove again the known result for Kropina metrics 
of constant flag curvature (see Corollary 15. ip . However, it seems very difficult to classify 
Kropina metrics of scalar flag curvature, even when they are of locally projectively flat (cf. 
[16] [17]). In the following, we will show some methods, including some applications of 
Corollarv 14.31 below, of constructing non-trivial Kropina metrics of scalar flag curvature. 

Kropina metrics are related with Randers metrics in some extent. Let F — / j3 be a 
Kropina metric with = 1 and then define 
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a 



(1 - ¥)a' + b'P' _ bp 



P ■■= -T^. (4) 



where < 6 = b{x) < 1 is a scalar function. It is clear that b — ||/3||g. 

Theorem 1.2 Let F — a^//3 be an n{> 2) -dimensional Kropina metric with ||/3||q, = 1 and 
define a Riemann metric a and a 1-form /3 by Then F = a -\- j3 is a Randers metric. 
If F is of scalar flag curvature for any scalar b, then F is also of scalar flag curvature. 
Further, if F is of weakly isotropic flag curvature, then F is of constant flag curvature. 

By Theorem 11.21 it is possible to construct non-trivial Kropina metrics of scalar flag 
curvature in dimension n > 3, using the known examples of Randers metrics of scalar flag 
curvature (see [2] However, for a given Randers metric F = a -|- ^ of scalar flag 

curvature, we should first make sure that the following two limits make sense 

lim (1 — b^){d'^ — /3^) (Riemannian) , lim (1 — 6^)/3 ^ 0, 

6-i.l 6-i.l 

and then we can get a Kropina metric of scalar flag curvature. Logically, in Theorem 11.21 
F might be also of scalar flag curvature even if F is Not of scalar flag curvature. 

Next we show another principle of constructing Kropina metrics of scalar flag curvature. 

Theorem 1.3 Let F = a'^/l3 be an n{> 3) -dimensional Kropina metric of scalar flag cur- 
vature and rj be a closed 1-form with \\ri\\a sufficiently small. Then F — a^//? -\- rj is also 
a Kropina metric of scalar flag curvature. In^ particular, if F is of constant flag curvature, 
then we obtain a family of Kropina metrics F 's of scalar flag curvature which are generally 
neither locally projectively flat nor of constant flag curvature, and F is locally projectively 
flat if and only if F can be locally written in the form 

F=—+V- (5) 

It is easy to conclude ^ by [18]. We should know in Theorem 11.31 that 

F Ifi + ri^ 

is a Kropina metric for suitable rj since -\- r]f3 can be still Riemannian. If F in Theorem 
11.31 is of constant flag curvature, then the local structure of F can be determined since F 
can be determined locally. Take rj = (x, y) with x close to origin, and then in ([S]) is a 
projectively flat Kropina metric with its scalar flag curvature given by 

K= 3_ \y\Hy'r 



Additionally, using Corollarv l4.3l below and a warped product method, we obtain a family 
of Kropina metrics which are locally projectively flat (see Proposition 16.21 below). 
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2 Preliminaries 



In local coordinates, the geodesies of a Finsler metric F — F{x, y) are characterized by 



2G\x,—)^Q, 



dt^ ' ' dt 



where 
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G-=-/{[f2],.^,/-[f2],,}. (6) 
For a Finsler metric F, the Riemann curvature Ry = W f.{y)-^ ® dx'^ is defined by 

dx^ dx^dy'^ dyWy'^ dy^ dy'^ 

The Ricci curvature is the trace of the Riemann curvature, Ric := R"^. A Finsler metric 
is called of scalar flag curvature if there is a function K = K(a;, y) such that 

R\ = KF^iSl - fy,), y, il/2F\.y.y\ 

A Finsler metric F is said to be projectively flat in U, if there is a local coordinate system 
{U, x') such that G* = Py% where P — P{x, y) is called the projective factor. 

In projective geometry, the Weyl curvature and the Douglas curvature play a very im- 
portant role. We first give their definitions. Put 

A^,:^R^,~RSl R:=-^. 



Then the Weyl curvature VF*^, are defined by 

W\:^A\ (8) 

The Douglas curvature Djl jk are defined by 

The Weyl curvature and the Douglas curvature both are projectively invariant. A Finsler 
metric is called a Douglas metric if jk ~ ^- ^ Finsler metric is of scalar flag curvature 
if and only if W\ = 0. It is known that a Finsler metric in dimension n > 3 is locally 
projectively flat if and only if W\ = and Df^ jf. =0 ([5]). 
In literature, an (a, /3)-metric F is defined as follows 

F — a(j){s), s — —, 
a 



where (/)(s) is some suitable function, a — y^aij{x)y^y^ is a Riemann metric and /3 = bi{x)y^ 
is a 1-form. If we take 4>{s) — \ + s, then we get the well-known Randers metric F = a + fi. 
In applications, there are a lot of singular Finsler metrics. In this paper, we will discuss a 
class of singular (a, /3) Finsler metrics — m-Kropina metrics. 

An m-Kropina metric F = a^""*/?™ is defined by taking (j){s) = s™, where to 7^ 0, 1 is 
real. In particular, it is called a Kropina metric when m = —1. For an TO-Kropina metric 
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F = m^m^ j^g^g g^jj important property of deformation on a and /3. We introduce it as 
follows. Define a new pair (5, /?) by 

a:^b"'a, ^ 6"-i/3, (9) 

which appears first in [10]. It is interesting that under the deformation the m-Kropina 
metric F = a^~™/3"^ can also be rewritten as 

F = 5i-"/3", (10) 

and moreover, /3 satisfies 



|5-1. (11) 

It has been shown that the deformation ([9]) plays an important role on the study of m- 
Kropina metrics ([TU] [I1]-[IH]). In this paper, we will also use it. 
For a Ricmannian a = \/aijyHf and a 1-form (3 = 6^7/*, define 

'^jj := + := i(6j|j - 6j|i), := a^'^r^.j, s*^- := a^'^Sfej, 

qj := h'qij, rj := 6Vy, tj := bWij, r := 5Vi, t := hHi. 

where we define := a^^bj, (a*-') is the inverse of (a^j), and V/3 = bi\jy^dx^ denotes the 
covariant derivatives of /3 with respect to a. Here are some of our conventions in the whole 
paper. For a general tensor Tij as an example, we define T^o '■— Tij-y^ and Too Tijy^y^ , 
etc. We use Uij to raise or lower the indices of a tensor. 
For an m-Kropina metric F — a^~"^/3™, by (O we get 

^ i I ™ (to- 1)57-00 + 2ma5o ^^, „ -i 
(m — l)s 2(771—1) s[mo"^ — (m + l)s"^J 

Then by ([SJ and (IT^ . we can get the expressions of the Weyl curvature tensor W^^. for an 
n-dimensional TO-Kropina metric F = a^^™/?™. Assume F is of scalar flag curvature, and 
then multiplying W^j^ = by 

(n^ - 1)(to - ifa^s^m + 1)5^ _ mb^f, 

we have 

Ao+Ais + A2S^ + ---Ai3s" = 0, (13) 

where s := /3/a, and A^'s include some powers of a and derivatives of j3 with respect to a. 
We will rewrite in other forms as required in the following proof. 

3 Proof of Theorem 11.11 

In this section, we will prove Theorem 11.11 by using the deformation ^ on TO-Kropina 
metrics [m ^ — 1). 

Lemma 3.1 /3 is closed ^==^ tij = <;==> = 0. 

Lemma 3.2 (JSjl) For a scalar function c = c{x), the following holds for some k, 

oibk — syk ^ mod (s + c). 
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Lemma 3.3 Let F = m pm m-Kropina metric (m ^ —1) of scalar flag curvature 

on an n{> 5) -dimensional manifold M . Then roo satisfies 

TOO = 2r[mb'a' - (m + l)/?^] - ^^!!i±i) (14) 

(to — l)o^ 

where r = t{x) is a scalar function. 

Proof : Since F = a^^™/3™ is of scalar flag curvature, we have ([T^ . and further ([T^ 
can be written as 

CI [mb^ - (to + l)s^] + 24(n - 2)(m + 1) V(a&fc - syk)s^ [(to - l)sroo + 2TOaso] ^ = 0, (15) 

where have the following form 

/o(s) + /i(s)a + f2{s)a^ + ■■■ + /„,(s)a"^- = 0, (16) 

where Uj are some integers and /i(s)'s are polynomials of s with coefficients being homoge- 
nous polynomials in (y*). It follows from dTSl) that 

(n — 2)(m + l)^y^{abk — syh)s^ [(m — 1)5^00 + 2maso\ ^ = mod (mb^ — (m + l)s^). (17) 
Since n> 2 and m 7^ — 1, by (|17p and using Lemma 13.21 we have 

(m — l)sroo + 2masQ = TOod (to6^ — (to + l)s^). (18) 

Then ^ implies 

a[2TOaso + (to — l)sroo] = — (/ + cra)a^ [mb'^ — (m + l)s^] , 
which is rewritten as 

mb^aa^ + jn{fb^ + 2sa)a^ - {m + l)al3^a - ^ [(to + l)//3 - (m - l)roo] = 0, (19) 

where / is a 1-from and a = cr(x) is a scalar function. Then by (jl9p we get 

m(/&2 + 2so)a2 - /3[(to + l)//3 - (m - l)roo] - 0. (20) 

Thus (PO)) shows that there is a r = t{x) such that 

+ 2.S0 = -2(to- l)6V/3. 

Now plug the above into ^IU\\ and then we obtain rpo given by ([H]). Q.E.D. 

Lemma 3.4 Lei = Q!^^"'/3™ &e an m-Kropina metric (m ^ —1 j of scalar flag curvature 
on an n{> 5) -dimensional manifold M . Then we have 

t\ - (21) 

Proof : Since F = a^"™/?™ is of scalar flag curvature, we have ([13]), and further we can 
rewrite as 

DIP + m^{n + l)b^a^^bkT' = 0, (22) 



6 



where are polynomial in (y*) and T* are defined by 

r m[{n - l)(6*to - s*so - fo'i^o) + y\bh'^ + 2sjS^)]a^ + 2{m + l){hhao + sl)y\ 
Now it follows from (|22|) that there are polynomials /* in (y*) of degree two such that 

T, - /,;/? - 0. (23) 

Contracting by we get 

m(2sfe/- + bh\)a'^ + [(2 + 3m - nm){b^t^Q + s^) + _ l)/3to]a^ - /o/3 = 0. (24) 

Then by (P^ . we have /o = for some 1-forni 9 = 6i{x)y^ . Plugging it into (IMl) gives 

2TO(2sfes'' + 6^t\.)ajj + 2(2 + 3m - nm)(6^ty + SiSj) + 

TO(n - l){htj + 6ji,) - {b^e^ + bjOi). (25) 

Contracting by a'-' yields 

(2 + 3m)bH\ + 2(1 + 2m)sfes'= - fe'^eifc = 0. (26) 

Further contracting (P5|) by 6*6^ gives 

TO6^i\ - 2sfcs'= - b'^Ok = 0. (27) 

Now it is easy to follow from ^ and ^ that ^ holds. Q.E.D. 

Proof of Theorem \1.1\ : 

Let F — a^^™' j3"^ be an m-Kropina metric {ra ^ —1) of scalar flag curvature. Then under 
the deformation F — a^~™/3™ is also an m-Kropina metric of scalar flag curvature. So 
we obtain Lemma 13.31 and Lemma 13.41 under a and /3. 

Note that b^ = 1, and then by (|14l) we have 

rij = 2T[maij - (m + l)bibj] - — — -{btSj + bjSi), (28) 

We will prove = by (1^51) . This fact is essentially proved in [TO] [TT]. For convenience, 
we give the proof here. Contracting (j28p by 6* and using ||/3||5 = constant = 1 we have 

~ 2 

F + J- = -2Tb, s, = 0. (29) 

m - 1 

Contracting (|29p by V we get t = and then by again we have =0. Thus by 
again we have 

Fy = 0. 

Next by ^ we have 

?fe = -2S-feS^ (30) 

Since we have proved 5^ = 0, we have P^, = by (|30p . Thus Lemma [3.11 implies that /3 is 
closed. Thus by this fact and rij — 0, we obtain that /3 is parallel with respect to a. Thus 
^ naturally holds, and © follows from where c:=||/3||a. Q.E.D. 
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4 Kropina metrics of scalar flag curvature 
4.1 Main results 

In this section, we will characterize Kropina metrics of scalar flag curvature in terms of 
the covariant derivatives of (i with respect to a and the Riemann (or Weyl) curvature of a. 
Since the deformation (jH]) with m = — 1 keeps F = j unchanged formally, we can assume 
— 1 without loss of generality. 

Theorem 4.1 Let F = / P he an n{> 3) -dimensional Kropina metric with \\P\\a = 1- 
Denote by R" the Riemann curvature tensor of a. Then F is of scalar flag curvature if and 
only if the following hold 

t,j = h^tj + bjt, - s,sj + + 2s'si)a,j - [t\ - (n - 3)s'si] 6,5^ |, (31) 

Stj\k = \tj bj ja.,k + rikSj + qkibj + Sj^kbi - {i/j), (32) 

qik = ^bPb''[{rip\i - riiip)bk - {i/k)] - ^b\rik\t +riiik) - rur'^k - Si\k, (33) 

n — 1 

+r\rka ~ ronr\, (34) 

where the symbol (i/j) above denotes the terms obtained from the proceeding terms by the 
interchange of the indices i and j , and Ui and B^j, are defined by 

a,: - 2[{n-i)s'-si~{n-l)X-t\]b, + 2{n-l)bPb\rip\,-ri,\p), (35) 

B^k■. = \{rar\ + h'rik\,) + -p^ + s,\k + {i/k), (36) 
2 ' 4(n — 1) 

and A = A(x) is a scalar function. In this case, the scalar flag curvature K. of F is given by 

s'^ f 3^"^ 5 'I 

K = As^ + —] —roo + -(roo|o + 6rooSo) +3(700 + 3so -5'(no|o -^-ool/) r 

+ 7^^-T [(4s2 - l)t\ - 2(1 + 2ns2 - (is')s'si] . (37) 
4(n — 1) 

In |16j [17j . the present author give a way to characterize locally projectively flat Kropina 
metrics in dimension n > 2 by (|38p (naturally holds for n = 2) and an equation on the spray 
of a. Now using Theorem 14.11 we can obtain a different way to characterize locally 
projectively flat Kropina metrics by adding a Douglasian condition (see ([55)1 below). 

Theorem 4.2 Let F = / (3 be an n{> 3) -dimensional Kropina metric with \\/3\\a = 1- 
Then F is locally projectively flat if and only if and the following hold 
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b^Sj - bjSi, (38) 
qik = ^b'{bkSi\i - biSk\i - rik\t - r^ife) - n/r'^, - Si\k, (39) 



where Bik are defined by i36\) and ai are defined by 

a, 2[(n - 3)s'si - {n - 1)A - t' i]b, + 2{n - l)(6's,|, - 2s's,6,). (40) 
In this case, the scalar flag curvature K. of F is given by 15*71). 
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In a special case, we have the following simpler corollary. We will construct some exam- 
ples in Section [6] below by Corollary 14.31 



Corollary 4.3 Let F = a^//? be an n(> 3) -dimensional Kropina metric with \\(3\\a = 1- 
Suppose 

b^j = e(ay - bib-j), = ubi, (41) 

where u — u{x),e ~ e{x) are scalar functions and :— e^i. Then F is locally projectively 
flat if and only if 

R\ = -e\aHl - fyu) - u{a^b'bk + P^l ~ py'bk - Pvkh'). (42) 
In this case, the scalar flag curvature K is given by 

K = s6^e2(3s2-4)-u]. (43) 

4.2 Proof of Theorem WA\ 

Assume F is of scalar flag curvature. Firstly, for a Kropina metric F — / P, the equation 
(jl3p with m = — 1 can be equivalently written as 



^3/3^ + ^2/3' + Alp + (n + l)aHk [{n - l)(izo - hb, + s^s,) -{t\ + 2s^ si)y,] = 0, (44) 
where ^1,^2,^3 are polynomials in (y'). Then by (|44l) we have 



Pibj — (i'; + 2s'si)aij 

tij — tjb^ SiSj , (^^) 

where pi = Pi{x) are some scalar functions. By (|45p . using tij — tji we get 

Pi = abi - (n - l)ti, (46) 

where a — a{x) is a scalar function. Plugging into P5)) and then contracting (|^5t by 
a'^ , we get 

0- = ^', - (n-3)s'si. (47) 



Therefore, by (|45j)-(|47l) we obtain (|3T|) . 

Plug iifc and tio into (|44|) and then (|44l) can be written in the form 

B2^^ +Bi/3 + 2(+l)a26^.Bo = 0. (48) 

Similarly, using the fact that Bq is divided by (3 and we have 



■SiO|0 



q Vi + \ — ^ a - qoo + So|o >b, 

n — 1 In — 1 J 



-a^ti + so?'io - rooSi - , (49) 

n — 1 



where Cio = Cijj/^ are l-forms. Plug into and then can be written as 

Ci/3 + (n + l)a^Co = 0. (50) 
Similarly, since Cq is divided by /3, by (jSOp we have 

- l)sjfc|j - 2(n - l)s„|fc H = (51) 



hqkj + hrSj\k + Sj-r^fc - Sirjk- (53) 



where fik = fik{x) are scalar functions. Interchange j, k in (j5ip we have 

{n - l)sij|fe - 2{n ~ l)sik\j H = /^fofc, (52) 

Then 2 X dSI]) + (HH) gives 

9j -^'^ji -^'iSj ri'; - (n-3)s's,^ 1 
Sij\k = a»fe + | ^j— bi-Ujajk 

2bkCij + ^jCifc - fcfc/ij - 2bjfik 
3(n-l) 

By gg]) and ^ we get 

= 2c,,. (54) 
By ((53| . plugging (|54l) into Sj^n, + Sj.i|fc = we have 

L n - 1 n - 1 J J J 

-^i^fci + hsj\k - + (Vi)- (55) 

' 71 — 1 

Contracting ([55]) by we can first get the expression of 6'c;fc, and then using Ucik and 
contracting ([55]) by fr' we can get the expression of Cik- Now plugging dk into ([55]) yields 



L'-n— 1 ■' n — 1 J 

(56) 

Contracting ([55| by a*'"' we obtain 

s^li = &'('Zj; + + {n- l)t, + r',s, - + [(n - l)shi - bP{bhj,\i - s\^i)\bj (57) 

Finally, plug dM]), and dST]) into ([521) we obtain ((5^ . 

By we can determine the expressions of the following quantities 



Sifc|0: ■^'ol/' '*'fc|/' '*iO|fci •SjOIOj ^^'S' 



Plug the above quantities into pS)) and then we directly obtain the Weyl curvature of a 
given by 

W\ = ^^{{s\i~q\){aHl~y^Vk) + {2q^^ + b'r^o\l+r\ro^)5l- 

{r\rka + b^r^o^i + qua + gofc)?/*} + (s|o - qo)yk + {rko\n - roo\kW + 
(qC ~ S|fc)a' + n-or*o - roor\. (58) 
Next we use the Riemann curvature tensor R\ to simplify ((58|) . 
Lemma 4.4 i(5($|) is equivalent to the following equations 

Qoo = - s - rmr'^Q - b'^rio\Q. (59) 
R\ = H(^'^^k~y''yk)+[b'^{rno\i-rio\o) + qQQ-So\o]Sl + r\rko-roor\ 

+ {<lk - s\k)(^^ + ^[b'{rio\k + rik\o ~ 2rfco|i) - qko - Qok + Sk\o + So\k]y' 

+ (s|o - qo')yk + (rfcoio - roo\k)b\ (60) 
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Proof : : By the definition of the Weyl curvature Wik of a we have 

1 - 1 - 

Wik = Rik -RiCQoaik H -RiCkoVi, (61) 

n — 1 n — 1 

where Rik '■= OLipR^k ^'^^ Ricik denote the Ricci tensor of a. Using the fact Rik = Rki we 
get from ([6T|) 

Wife - Wm = (RickoVi ~ RicioVk) ■ (62) 

n — 1 

By (|58|) we can get another expression of Wik ~ Wki ■ Thus by ([58|) and (j62|) we have 

TkVi - Ti^fe + (n - 1) [(sfci^ - s,|fe + qki - 9ife)a^ + (r^-oio - roo|fe)foi - (r^oio - r^o\i)bk\ = 0, (63) 
where we define 

Tfc (n - 2)qQk - qko - {n - l)sk\o ~ b'rko\i - rkor\ - Ricko- 
Contracting (|63)) by y'^b^ we get 

(■ •■)«'+ l3[To + in- l)b\roo\i - no|o)] = 0. (64) 

By ([64]) we obtain 



To + {n- l)6'(roo|i - r,o|o) = {n + l)va\ (65) 
where 77 = 77(2:) is a scalar function. Then it follows from the definition of Ti and ([55)1 that 

RicQo = (n - 3)goo - (" - l)so|o - (" + l)??a^ + (n - 2)5Voo|/ - {n - l)6V,o|o - ^Voo- (66) 

By IpS)) we can get -Ricfco and then plugging and -Rzc/jq into we obtain ([SOI) , where 
A is defined by 

{n + l)r) + q\ - s\i 



A 



n-1 



Finally, summing (j60p over j, fc we get Ricqq and then comparing with (|66p we obtain (j59p . 

<^ : Suppose and (pD|) hold. Summing (150]) over i, fc and using we get Ricoo 
given by Now as shown above, we can get ((55)) using (pT|) . Q.E.D. 

It is clear that no obvious way shows that Rik = Rki in (|60p . It follows from ([50)) that 
the symmetric condition _Rifc = _Rfci is equivalent to 

= [6'(r,o|fc + rikio ~ 2rko\i) ~ qko + Qok - Sk\o + So\k]yi + 2{rko\o - roo\k)b^ 

+2{qk., + Ski,)a^ -{t/k). (67) 

By simplifying (157]) and applying for the following identities 

Sij\k = fikYj ~rjk\i-biRk ij, (68) 
b^si\, = - U, b^b^Sk\i = fo'g; + shi = 2s'si. (69) 

we can prove the following lemma. By ([5^ and (|68p we have 

b''b\rki\, - r,k\i) = U - q^ + b's^. (70) 

Lemma 4.5 ^ and ^ ^ and ^ with ct, and B,k given by ^ 

and (TMl). 
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Proof : =^ : Plugging 1^ and 1^ into 6'(no|o - ''oo|i) = &'(s;o|o + b'^Ru) and using 
69]), (EOl) and (Ull) wc have 



X- 



n — 1 



(a^ - P^) + {to-qo + b's„\i)/3. (71) 



Plugging (15^ and (pO]) into r^gio — roo|i = Sjo|o + b'^Rki and using and ([7T|) we have 

(n-3)s's; -t\- 



A- 



(y* - + 2(to - go + fo'so|/)&* 



n — 1 

Contracting (p7| by and using ([7T|) and ((7^ . we can write (p7| as 

A.a^ + 2^B, = 0, 



(72) 



(73) 



where Ai,Bi are polynomials in (y'). By ([75)1 we have -B^ = Cia^, which is expressed as 
follows 



iO|0 



A 



{n - 3)sKsi - t\ 



n - 1 



PVi - [to -qo + b''So\i)yi + 



2(71 - 1) 



(74) 



Plugging into (l73|) yields 



^'(n»lo + no|i-2rio|/) 



A 



{n — 3)s's; — i'j 



n~ 1 



(2y, - ;360 + (to - go + &'so|i)&» + 



Then substituting jHl) and (US]) into dHZ]), we obtain 



2(71-1) ' 

(75) 



2(71- 1) 



(76) 



Using ([701), by dH]), dTS]) and ^ we get cr^ given by Using (|3S]), it is easy to obtain 

(1231) by ^ and ([751). By (|35]) again, ^ is reduced to 



and (f75|) becomes 

b\ri,io +riQ\, - 2r,;o|/) = 2 



A - 



g (7.1 - g-pT/t 

2(71-1) 



(71 - 3)s'si - t';] bk<TQ+ 13(7 k 

2(71-1) ■ 



71-1 



(77) 



(78) 



Finally, plug (|33l), ([35]), (|77l) and (HH]) into ^ and then we obtain ^ with Bjfc defined 
by (IMl). 

<;= : By ([55)1 we can easily verify ([5^ . Next we show (pO)) . By ([55)) we can get 
Plugging dSi]) and dM]) into b\ria\o - rQa\i) = b\siQ\a + b^Rki) and using dSHl), dZOl), dSS]) and 
(|55)) we can get dTT])- Plugging (|31]) and ([M]) into rjo|o - r-oo|i = Sjo|o + b^Rki and using (|55)) . 
(133), dMl), dini) and dni) we obtain dTT]). By dTT]), we can easily get Finally, by all 

these equations we obtain d60| from d34)) . Q.E.D. 



Conversely, by (|3T|) -d36 l) . the above proof has shown or we can directly show that the 
Weyl curvature of F vanishes. So F is of scalar flag curvature. 

For the proof of fST)) . we first get -Ricoo by dHOl) and s'(j|; by dSl]), and then plugging 

Q.E.D. 



them into K = Ric/((7i - 1)^^) yields dSZ] 
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4.3 Proofs of Theorem 14.21 and Corollary 14.31 

Proof of Theorem \4-S\ : 

It is shown in [17 that a Kropina metric F — 0^/13 is a. Douglas metric if and only if 
(|551) holds. Therefore, by Theorem iH we only need to use ^ to simplify dSH)-®- By 
([38]). we easily get 

Uj = -sKsib.bj - SiSj, U = -s'-sihi, t\ = -2s'- su Qik = -SiSk + b'qubk, 

qi = s's;6j, Sy|fe = (rik + Sife)sj + biSj\^ - [r-jk + Sjk)si - bjS^,,. (79) 

Then by ((38|) and (|79| . it can be easily verified that (l3ll) and (|32|) automatically hold. 

Next we prove that if (p8|) holds, then (p3|) is equivalent to ([39|) . Assume (p3| is true, 
then contracting (j33]) by 6''' gives 

b''q^k = -^b''{b'r,k\l + s^k)■ (80) 
Then it follows from ([79]) and dSO]) that 

Qik = -^bPb'rip\,bk - s'sibibk - s^Sfe. (81) 
Now by (|70|) . ()79p and ([SI]) , we can easily conclude that ([33]) is equivalent to 

■Si|fe = -^b'irikii + ru\k - b^ri^p + biSk\i - ibkS^i) - riir\ + SiSk, (82) 

Thus by ([701) and ([79]), we easily get ^ from (EH) and ([82]). Conversely, if dSH) holds, 
then similarly we can first obtain (HU and thus (l82|) holds. By (jSH) and ([HT]) we get ([82]) . 
Therefore, we have Q.E.D. 



Proof of Corollary \4.3\ : 

By dUI), we can easily verify that ((SS]) and ([23) automatically hold. Plug (gH) into (gHl) 
and ([551) we get 

a, = -2(n - 1)A6,, B,k = -Afe,6fc. (83) 
Now plugging (gl]) and ([83]) into ([34]) we obtain 

i?\ = ~e\aHl - y^y,) + (A + e2)(a^6'6, + pHl - Pfb^ - /3ykb'). (84) 

By jHI) and it follows from dZT]) that 

A + 'u + e = 0. (85) 

Then 1^ and ([53 imply dH]), and we get (02]) from ([W)) . (|iT|) and ((55|) . 

5 Kropina metrics of constant flag curvature 

It has been solved for the local structure of Kropina metrics of constant flag curvature (cf. 
[TU] [13] [H]). In this section, we will use Theorem 14. II to investigate it. 
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Corollary 5.1 Let F = //3 be an n- dimensional Kropina metric with ||/3||a = 1. Then F 
is of constant flag curvature if and only if a is of non-negative constant sectional curvature 
and P satisfies roo = 0. In this case, F is flat-parallel (a is flat and /3 is parallel), or up to 
a scaling on F , a and /3 can be locally written as 

^il + \x\^)\y\^~{x,y)^ {Qx + e,y) 

TTN^ ' f^= i + . (86) 

where Q = (Pij) is a skew- symmetric matrix, e = (ej) is a constant vector and they are 
related by 

\e\ = 1, ge = 0, % - etej = S'^'pikPji- (87) 

Proof : For n — 2/\i has been proved in that F is flat-paranel. So we only need to 
let n > 3. Assume F is of constant flag curvature. Then it follows from Theorem 14.11 that 
its flag curvature K is given by ([37]) . Put — K, which is a constant. Then by (l37l) we 
have 

(•••)«' + 12(n-l)/3V2o=0, (88) 

which implies roo = ca^ for some scalar function c = c{x). Since ||/3||q|| = 1, we have 
ri -\- Si = 0. Then it is easily shown that c = and thus roo — 0. Now plug r^ = 0, r.^^^ = 
0, qij —Q,Si = Q into (|88|) we have 

(4i^ - AnK - t\)a^ + 4(nA - A + t\)l3^ = 0. (89) 

By ((89)) we easily get 

t^, A 



4^^^=4>0, (since i',<0). (90) 
Using rij —Q,Si — Q and (|90l). it follows from ([33]) that 

which shows that a is of constant sectional curvature A. If A = 0, then it is easy to show 
that F is flat-parallel. If A > 0, then using the facts that roo = and a is of constant 
sectional curvature, it follows from 8 that, up to a scaling on F, we can put A = 1 and 
thus a, fi are locally given by (|86)) with Q, e satisfying (|87)) . 

Conversely, assume roo = and a is of positive constant sectional curvature 1 with 
\\f3\\a = 1- Then we have (HH) and ^7^. Here we use Theorem liH to verify that F is of 
constant flag curvature, namely, we show that ([3T |) -(p4 | hold and K in ([37]) is a constant. 
It is clear that ([55)) naturally holds. Since i'^ — 1 — n by the following proof, ([M)) is true by 
putting A 1. Now we verify ([3T)) and ()32p . which are firstly reduced to 

ti 



t\{aik-bibk) _ t\ 



ij\k = -^^—^{biajk - bjO^k), (91) 



n — 1 

Then we can easily verify (|9T]) by the following computations using ([87| 
, _ Pikx^ + Cj _ (1 + \x\'^)5ij - x'-x' ^; _ 1 _ 

Si-j x'x^ + ei{ej +pjix^) + Cjpax^ + pikPjix'^x'' 



x\^ (1 + |2;|2)2 

_ jcj + qjix'-)Sik - {ct + qiix^)6jk x^{x''-qjix^ - x^ qgx' + x'ej - x^ Cj) 
''^'1'= ~ (1 + |a;|2)2 (1 + |x|2)3 • 
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Finally by ([57)) we have 

K = s' + ^f—^t\. (92) 

Since t\ ^ 1 — n as shown above, we have K = 1/4 by ([5^ . 

Now we have completed the proof of Corollarv 15.11 Q.E.D. 



6 Construction by warped product method 

In this section, we show a family of examples of projectively flat Kropina metrics with a in 
warped product form by using Corollarv 14. 31 

Let M = 7^ X M be a product manifold, where M is an {n — l)-dimensional manifold. 
Let {x^}a=2 be a local coordinate system on M. A Riemann metric a of warped product 
type is defined as 

where cP = aAcV^v''^ ^ Riemann metric on M . The Riemann curvature tensors i? of a 
and i? of 3 in are related by 

R\ - ^{v'yu-aHD, (94) 

= R%-{h'f{aH^-v^yc)-^{y'f5^. (95) 

where yt '■— auy^yc '■— clcaV^- Define rj — ri{x^) := fh{x^)dx^, and then a direct 
computation shows that 

where the covariant derivative is taken with respect to a. The converse is proved in the 
following. 

Lemma 6.1 (JE/) Let a be a Riemann metric on M. Suppose there are two functions rj and 
^ on M with drj ^ such that 

Then a is a warped product on M ^ TZ x AI , namely, locally rj depends only on the the 
parameter ofTZ,£_ = f"{x^) and a can be expressed as 

a^^{y'f + {^i{x')fa\ 



Now we begin the construction of examples of Kropina metrics of scalar flag curvature. 

Proposition 6.2 Let F = / P an n(> i)- dimensional Kropina metric on a product man- 
ifold M = TZ X M, where 

a' -.^ {y^r + h\x')a^ P := y\ (96) 

where h ^ is a smooth function on TZ and a is an (n — I) -dimensional Riemann metric on 
M. Then F is locally projectively flat if and only if a is locally flat. In this case, the scalar 
flag curvature K is given by 

K.-(5)«{^:.3(.V{5)"}. (.7, 



15 



Proof : For the a and [3 defined by (jHH), a direct computation shows that ||/3||a — 1 and 
dU) holds with 

e= -,.= (-). (98) 

So F is locally projectively flat if and only if (|42|) holds by Corollary 14.31 
It can be easily verified that (|42l) is equivalent to 

R\^[^{u + e^){y^ f - e^h^a^]Sl + {u + e^)y^yk - uh^a^bk, (99) 

and 

R%^[-iu + e'){y'r^e'h'a']S^ + e'h'y^yc, (100) 
where yc ■= acAU^- By ([M)) is equivalent to 

h" 

u + e^^—, (101) 
h 

which is also verified by (|98|) . and by (jlOip and (|95l) . ()100p is equivalent to 

i?^^ = [ - e^/i^ + (/i')'] (5' 5^ - y-'yc) = (102) 

Now suppose F is locally projectively flat. Then we have (|102p . namely, a is locally flat. 
Conversely, if a is locally flat, then by the above proof, we can easily get (H^ . 

Finally, by (|43l) . we obtain the scalar flag curvature K given by (1^71) . Q.E.D. 

By Proposition 16.21 F = o? j ^ in dimension n > 3 is locally projectively flat, where a 
and /3 are defined by ((96|) with h being arbitrary and a being locally flat. 

Proposition 6.3 Let F ~ o? / P an n{> S)- dimensional Kropina metric, where a and p 
satisfy |^_?[ ) with ||/3||q. = 1, de ^ and u = /(e) ^ for some function f . Then F is locally 
projectively flat if and only if a and j3 can he locally written as 

^{y^f + h\x')a\ f5 ^ y\ (103) 

where a is a locally fiat Riemann metric and h can he determined by f . 

Proof : We firstly show (fT03)) by (gl]). Define 



Jf^'^'de. (104) 



Then by (j4T|) with u = /(e) ^ 0, we can easily verify that 

ifi^j = e e-^ T^'^'^Oij, (ei := e^^)- (105) 

Obviously we have dip ^ 0. Then by (jlOSp and Lemma 16. 1[ a is a warped product which 
can be locally written as the first expression in (|103p with h{x^) — (p'{x^). By (|104p . we can 
define 

Further by (HD) we have 



/3 = -^dx^ ^^=d{J j^de) = d{g{^)) = g'{^)^'{x')dx\ (106) 

Then by ||/3||a = 1, a in (|103p . and (jl06p . we must have g'{(p)(p'{x^) — 1 and /3 = y^. 

Therefore, by Proposition [^21 we conclude that F is locally projectively flat if and only 
if a in p03)) is locally flat. Q.E.D. 
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7 Proof of Theorem 11.21 



Let F = 0^/(3 be an n(> 3)-dimensional Kropina metric with \ \/3\\a = 1- Now for the given 
pair a and /3, define a Riemann metric a and a 1-form /3 by (|4]), where < 6 < 1 is a scalar 
function. Obviously, F := a + ^ is a Randers metric since we can show ||;5||a = b < 1 by 
||/3||a = 1. A simple computation shows that 



Van F = lim , , , ^ 

6^1- b^i- Vy (1-62)2 1_52 

lim 



b^l- V(l-62)a2+62^2+5^ 



a2 1 

^ —^-F. (107) 

2/3 2 ^ ^ 

Let W^f. and be the Weyl curvature of F and F respectively. Then by (|107p . we have 

lim W\ = W\. 

Therefore, if F is of scalar flag curvature for any scalar 6 (W^\. = 0), then F is also of scalar 
flag curvature (W^\ — 0). 

Now assume F is of weakly isotropic flag curvature, namely, the scalar flag curvature K 
of F is in the form 

- 3^ 

where is a 1-form and a = o'ix) is a scalar function. There is a simple way to show that 
F is of constant flag curvature by a known result. By taking the limit 6 ^ 1~ on the flag 
curvature K of F, F is also of weakly isotropic flag curvature. Thus by [10] [13], F is of 
constant flag curvature. 

In the case of n > 3, we can show another direct proof. Let (/i, W) be the navigation 
data of F = a + /3, where h = ^JhijV^ is Riemannian and is a vector held. Then by 
(HI we have h = a and Wi := hijW^ —bbi. By [8], locally h and VF* can be written as 



^{l + ^i\x\^)\y\^-li{x,y}^ 

^ iTM' ' 

2|a;|2d, 



W' = -2{\^1 + Ji]x^ + {d,x))x' + ' " , ,^ +p,fcX^' + e, +A^(e,x)a;%(109) 

1 + vi + MFr 

where A,/i are constants, Q — (pik) is a skew-symmetric matrix and d, e G 7?." are constant 
vectors. To make b -> 1^, we only require hijW^W^ = 1. By (|108p and (|109p . a direct 
computation shows that hijW^W^ — 1 can be expressed as 



A^l + fi\x\^ + B = 0, (110) 
where A and -B are polynomials in (x*) of orders 4 and 5. 

Case I: Assume ^ = 0. Then (|110l) becomes 

= \d\^\x\^ + 2{2X{d,x) + {d,Qx) +2X^ + {d,e))\x\^ + \Qx\^ ~4:{d,x){e,x) 

+2{e,Qx) ~AX{e,x) + \ef -1. (Ill) 
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Firstly by (|llll) we get |e|^ = 1 and Qe = 2Ae. A real characteristic value of a real skew- 
symmetric matrix must be zero. So we we have A = by Qe — 2Ae. Thus by (jllll) again, 
we easily get d — 0,Q — 0. So we have 

In this case, F = \y\/{e, y) is flat-parallel and it is locally Minkowskian. 

Case II: Assume /i 7^ 0. Then by (jllOl) we have A — 0, B — 0. For A — 0, its constant 
terms and linear terms show |ep = 1 and Qe = 2Ae. So again we have A = 0. Then its 
terms of order three gives Qd = 0. Now separating its terms of order 4 and 2 we obtain 

(4|d|2 - ^2)|2.|2 ^ ^{\Qx\^ + ^(e, x)^ - 4{d, x){e, x)) = 0, (112) 

(2(rf, e) - fi)\x\^ + \Qx\^ + ^(e, x)"^ - 4(d, x){e, x) ^ 0. (113) 
Then /i X pi3p — (|112p gives e) — 2|dp = 0. Summing up the facts proved we obtain 

|e| = 1, A = 0, Qd = 0, Qe = 0, fi{d, e) - 2\d\^ = 0. (114) 

Now plugging (|114p into S = 0, we get 

(2(d, e) - ^)|j;|2 + IQxp + fi{e, xY ~ 4(rf, x)(e, = 0. (115) 

In (jllSp . replace x with e and then we have (d, e) = 0. Thus by (|114p we have d = 0. Now 
by (jllSp we have 

^i{5,.J - eiej) - 5^'-p.,kPji = 0. (116) 

Summing (|116p over the indices i,j we get /i > 0. Now taking the limit 6 — > 1 and using 

= bbi, (|114p . (|116p . c? = and /i > 0, up to a scaling on F, we get a and /3 given by 
where (3,e satisfy (|87)) . So it follows from ([86| and (|87|) that _F = a^//? is of constant flag 
curvature K = 1/4 ([10]), which has also been shown in the proof of Corollary 1 5. II 
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